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Abstract
Quantitative control and measurement of quantum entanglement are essential for advancing quantum technologies.
Photoionization induced by ultrashort laser pulses provides a unique platform for studying entanglement between
photoelectrons and residual ions, representing one of the most intriguing quantum phenomena in attosecond
physics. Although extensive studies have focused on the coherence properties within either the emitted electrons or
the ions individually, the electron-ion entanglement has remained largely unexplored. In this work, we bridge this gap
by investigating the resonance-enhanced multiphoton ionization of argon atoms driven by two time-delayed
ultrashort ultraviolet pulses. Employing state-of-the-art first-principles multi-electron simulations, we demonstrate the
ability to reconstruct and precisely manipulate the purity of electron quantum states through detailed analysis of the
photoelectron angular distributions. Our results reveal distinct scattering-phase differences among various electron
configurations within the same partial wave channel, providing unequivocal evidence of electron-ion correlation and
entanglement. With the fast development of free-electron lasers, this study establishes an experimentally feasible
framework for directly controlling quantum entanglement in ultrafast ionization processes, offering new insights and
powerful methodologies for exploring complex electron dynamics in many-electron systems.

Introduction
Quantum entanglement is a hallmark of quantum

mechanics and a striking departure from classical phy-
sics1. Beyond serving as a conceptual cornerstone for
understanding quantum theory, entanglement is also
recognized as a crucial resource for emerging quantum
technologies, including quantum computation, metrology,
and entanglement-enhanced imaging1–8. In ultrafast
physics, entanglement continues to reveal new dimen-
sions of complexity and novel opportunities. Ultrafast
physics aims to probe and control electron dynamics on
time scales ranging from femtoseconds down to tens or
hundreds of attoseconds, pushing the boundaries of the
measurement and manipulation of quantum systems9,10.
With the development of ultrashort laser pulses, a rich
suite of imaging and spectroscopic techniques has been

developed to visualize and control electron motion in
atoms, molecules, and condensed matter systems, such as
high harmonic spectroscopy11–13, laser-induced electron
diffraction14,15, photoelectron holography16–18, attose-
cond streaking19–23, and attosecond pump-probe spec-
troscopy24–26. Central to these techniques is
photoionization, a phenomenon that has long served as a
testing ground for quantum mechanics and has played a
fundamental role in the development of ultrafast mea-
surement techniques. While the quantum nature of
photoionization is well established, our understanding of
how entanglement both shapes and emerges from this
process remains largely unexplored9,27.
In photoionization, entanglement naturally emerges

from correlations between the emitted photoelectron
and the residual ion. Photoionization of many-electron
systems typically leaves the parent ion in an ensemble of
symmetry- and energy-allowed quantum states. Conse-
quently, neither the photoelectron nor the ion sub-
system individually maintains a pure quantum state,
reflecting intrinsic electron-ion entanglement. Recent
experimental and theoretical advances have begun
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illuminating the significance of electron-ion entangle-
ment28. Numerical tests of Bell inequalities in strong-
field ionization of argon atoms have revealed entangle-
ment signatures between electrons and ions2. When
multiple ionic states in neon atoms are coupled via Rabi
oscillations, entanglement enables the interference of
photoelectrons originating from distinct electron
shells29. In molecular systems, such as H2, the degree of
entanglement between the photoelectron energy states
and the vibrational states of the molecular ion in pho-
toionization can be probed by the dissociation of the Hþ

2
ion30,31.
Despite these efforts, direct quantitative characteriza-

tion and control of entanglement in photoionization
remain highly challenging. Experimental constraints, such
as the necessity to measure incompatible observables,
fundamentally hinder practical entanglement character-
ization. While approaches like KRAKEN32,33 offer proof-
of-principle demonstrations of density-matrix recon-
struction, and hence quantitative entanglement char-
acterization, broadly applicable and experimentally
straightforward methods for routine entanglement con-
trol are notably lacking. Therefore, strategies leveraging
readily measurable observables to simultaneously probe
and manipulate electron-ion entanglement are critically
needed.
In this work, we introduce an experimentally feasible

approach to probe and control electron-ion entangle-
ment by manipulating the orbital angular momentum
states of both the ion and electron, with delay-dependent
photoelectron angular distributions (PADs) serving as
readily accessible observables. Specifically, we explore a
ð2þ 10Þ resonance-enhanced multiphoton ionization
(REMPI) process in argon atoms, where the atom is first
excited to the 4p level using a � 186 nm femtosecond
pump pulse and subsequently ionized by a delayed
ultraviolet pulse with a wavelength of � 130 nm. The
adopted laser sources are accessible via tabletop
frequency-conversion of the Ti:sapphire laser34, high
harmonic generation, or modern free-electron lasers
(FELs)25,35. By varying the time delay between the pulses,
we coherently manipulate the superposition of the
resulting multi-electron states, thereby inducing con-
trollable changes in the purity of the photoelectron states.
These purity variations are directly encoded into the
PADs and can therefore be reconstructed. Furthermore,
by analyzing the PADs over a range of delays, we uncover
unique scattering-phase differences between distinct
multi-electron states, directly exposing the underlying
electron-ion correlations. The ability to probe and
actively control entanglement in ultrafast processes sets
the stage for future developments in entanglement-based
quantum technologies, advancing the frontiers of ultra-
fast science and quantum control.

Results
Principle of the two-stage scheme
Figure 1 illustrates the two-stage scheme utilized in this

study. In the first stage, the argon atom is resonantly
excited to the 4p state via the absorption of two linearly
polarized photons with angular frequency ω1. In the
second stage, a time-delayed pulse with frequency ω2

ionizes the excited atom, ejecting the electron to the
continuum states between the first and second ionization
thresholds. Here, we neglect spin-orbit coupling. The spin
polarizations of the photoelectron and the ion are con-
served, and therefore, we can disregard the degree of spin
in the following discussion. The residual ion can occupy
magnetic quantum states mi ¼ 0 or mi ¼ ± 1. The pho-
toelectron with the magnetic quantum number me is
always correlated with an ion whose magnetic quantum
number satisfies mi ¼ �me, resulting in an entangled
electron-ion state mij i mej i. With Cme as the amplitude of
such a state, the total wave function of the electron-ion
system can then be expanded as

jΨi ¼
X
me

Cme jmiijmei ð1Þ

Consequently, the photoelectron originating from the
outermost p-shell resides in a mixed state rather than a
pure state. The density operator of the photoelectron, ρe,
can be derived from the total density operator ρ ¼ jΨihΨj
by tracing out the ionic degrees of freedom as

ρe ¼ Tri½ρ� ¼
X
me

jCme j2jmeihmej ð2Þ

The coefficients jCme j2 govern the photoelectron state
purity, which can be tuned by adjusting the inter-pulse
delay τ, as demonstrated in subsequent analysis.
Within the single-active-electron (SAE) approximation,

ionization from the valence shell orbitals of argon atoms for
me ¼ 0 and me ¼ ± 1 is treated independently. Through
two-photon absorption, electrons in the 3pme

orbitals are
excited to the 4pme

states. Subsequent absorption of an ω2

photon can populate the electron to the continuum s0, d0,
and d ± 1 waves, as illustrated in Fig. 1a. In experiments,
where the internal states of the ion are not measured, the
photoelectron momentum distribution (PMD) corresponds
to an incoherent summation of contributions from the three
ionic states. The associated PAD at energy ε ¼ 2ω1 þ ω2 �
Ip, where Ip is the first ionization potential of argon atoms, is
sketched in Fig. 1a. Although the entanglement between the
photoelectron and the ion persists in this formalism, its
quantitative characterization becomes inherently incom-
plete. If the excited-state dissipation is neglected, the weights
of the me ¼ 0 and me ¼ ± 1 partial waves in the mixed
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state, along with the resulting PAD, remain invariant to
time-delay variations.
In the multi-electron picture, the 4p level splits into a

manifold of substates corresponding to the total angular
momentum L of the entire system. As shown in Fig. 1b,
substates with 3s23p54p 1 Se

� �
[The term symbol 2Sþ1 Lπ

describes the multi-electron state of an atom in the LS
coupling, where S and L are the total spin and orbital
angular momentum, respectively. L is written in spec-
troscopic notation like S, P, D,..., corresponding to L ¼
0; 1; 2; ¼ . π ¼ oðeÞ denotes the odd (even) parity, which
is determined by ð�1Þ

P
i
li (1 corresponds to odd parity

and 0 corresponds to even parity), where li is the orbital
angular momentum of each electron. The spin multi-
plicity is determined by 2S þ 1. Note that this notation
also applies for continuum states.] and 3s23p54p 1 De

� �
are

accessible via two-photon transitions from the
3s23p6 1 Se

� �
ground state, inducing a quantum beat.

Although the spin-orbit coupling effect can further split

these states into five sublevels, the fine structures can be
neglected due to the relatively broad spectral width of the
applied pulses. The energy differences between the
ground state and the two resonant states are 13:19 eV
ð1 DeÞ and 13:38 eV 1Seð Þ , respectively, giving rise to a
term splitting of 0:19 eV. The coherent superposition of
the two resonant states can lead to a quantum beat with
an oscillation period of 21:77 fs.
For electrons reaching the same final energy after

absorbing one photon from the second pulse, the delay τ
is expected to play a crucial role in governing PADs by
modulating the phase difference between different ioni-
zation pathways. It should be mentioned that the ioniza-
tion process we study is at a femtosecond timescale, which
is far smaller than the typical picosecond lifetime of the 4p
excited levels. As a result, the decoherence during this
process can be safely neglected. We focus on three
dominant resonance-enhanced pathways, which corre-
spond to transitions leading to three different final states

Pulse delay ��

S (3p6)
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Fig. 1 The two-stage ionization scheme applied to argon atoms. a Schematic diagram of the two-stage ionization of argon atoms driven by
pulses with frequencies ω1 and ω2 under SAE approximation, with a time delay τ between the pulses. The dashed gray curve stands for the first
ionization threshold. The PAD, combining contributions from the me ¼ 0 and me ¼ ± 1 orbitals, is shown on the right. b Same as a but with full
consideration of electron-ion coupling. jψ1;2;3i are the multi-electron states considered. c The proportion of the me ¼ 0 and me ¼ ± 1 states in the
mixed state as a function of the pulse delay, obtained from the same calculations as in (b). Corresponding PADs are displayed above each bar
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3s23p5εd 1 Fo
� �

, 3s23p5εd 1 Po
� �

, and 3s23p5εs 1 Po
� �

. By
tuning τ, it is possible to manipulate the ratio between the
me ¼ 0 and me ¼ ± 1 components, producing oscillatory
patterns in the PADs. Figure 1c illustrates these effects,
showing the relative contributions of the me ¼ 0 and
me ¼ ± 1 components and their corresponding PADs.
This reveals how the entanglement between the photoion
and photoelectron manifests in the PADs.

Multi-pathway interference
We first provide an explicit derivation of how multi-

pathway interference governs the probabilities of photo-
electron partial-wave populations and consequently
shapes the PADs. To analyze the interacting electron-ion
system, the coupled representation provides a natural
framework. In this representation, angular states are
expressed as LMlilej i, where L, li, and le denote the
angular momenta of the whole system, the ion, and the
emitted electron, respectively. Their corresponding mag-
netic quantum numbers are M, mi, and me, satisfying
M ¼ mi þme. Using this notation, the final states of
interest, namely, 3s23p5εd 1 Fo

� �
, 3s23p5εd 1 Po

� �
, and

3s23p5εs 1 Po
� �

, are relabeled as 3012j i, 1012j i, and 1010j i,
respectively. The transformation between coupled and
decoupled representations is mediated by Clebsch-
Gordan (CG) coefficients as

LMlilej i ¼
X

CL;M
li;mi;le;me

limij i lemej i ð3Þ

Expanding the coupled states into decoupled basis
states yields

3012j i ¼
ffiffiffi
1
5

r
p�1j i d1j i þ

ffiffiffi
3
5

r
p0j i d0j i þ

ffiffiffi
1
5

r
p1j i d�1j i

ð4Þ

1012j i ¼
ffiffiffiffiffi
3
10

r
p�1j i d1j i �

ffiffiffi
2
5

r
p0j i d0j i þ

ffiffiffiffiffi
3
10

r
p1j i d�1j i

ð5Þ
1010j i ¼ jp0ijs0i ð6Þ

For conciseness, we define 3012j i ¼ ψ1j i, 1012j i ¼ ψ2j i,
and 1010j i ¼ ψ3

�� �
. The state of the total electron-ion

system is then described by

Ψj i ¼
X3
j¼1

Cψj
ψj

���
E

ð7Þ

where Cψj
demonstrates the amplitude of state ψj

���
E
.

Substituting Eqs. (4-6) into Eq. (7) recovers Eq. (1).

The partial wave probabilities of the photoelectron are
determined by the diagonal entries of the density matrix
as Mleme ¼ leme ρe

�� ��leme
� �

, which are explicitly given by

Ms0 ¼ Cψ3

�� ��2 ð8Þ

Md1 ¼
ffiffiffi
1
5

r
Cψ1

þ
ffiffiffiffiffi
3
10

r
Cψ2

�����

�����
2

ð9Þ

Md0 ¼
ffiffiffi
3
5

r
Cψ1

�
ffiffiffi
2
5

r
Cψ2

�����

�����
2

ð10Þ

These equations demonstrate the connections between
the multi-path interference and the partial-wave popula-
tions. The values of partial-wave populations will deter-
mine the PADs, which can be probed experimentally. The
complete angular distribution is expressed as a two-
dimensional function of the polar angle Ω ¼ θ;φð Þ.
Analogous to Eqs. (8-10), it is derived from the diagonal
entries of the density operator, I Ωð Þ ¼ Ω ρe

�� ��Ω� �
. Expli-

citly, it can be expressed as

IðΩÞ ¼
X

leme;l
0
em

0
e

Y lemeðΩÞhlemejρejl0em0
eiY �

l0em0
e
ðΩÞ ð11Þ

where Y leme Ωð Þ are the spherical harmonics. The
contributions from different me states to the PADs are
incoherent since leme ρe

�� ��l0em0
e

� �
≠0 only when me ¼ m0

e,
hence I Ωð Þ is independent of the azimuthal angle φ when
only linearly polarized fields are applied, consistent with
the cylindrical symmetry of the system. Thus, we simplify
the notation to I θð Þ.
To analyze the PADs more quantitatively, we use the

anisotropy parameters29,36,37. Providing that the two
pulses do not overlap in the time domain, non-resonant
ionization pathways leading to f and higher angular
momentum states are negligible. Our first-principles cal-
culations have shown that the higher partial waves are
more than 103 times weaker than s0; d0; d ± 1ð Þ in the
energy range we are interested in. Therefore, we expand
the delay-dependent PAD via the leading order Legendre
polynomials as

I θð Þ ¼
X

n¼0;2;4

bnPn cos θð Þ ð12Þ

with

bn ¼
X
me

X
lel

0
e

ð�1Þme

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2le þ 1ð Þ 2l0e þ 1

� �q

4π

le0l
0
e0jn0

� �
lemel

0
e �með Þjn0� �

leme ρe
�� ��l0eme

� �
ð13Þ

Mao et al. Light: Science & Applications ���������(2026)�15:156� Page 4 of 13

state, along with the resulting PAD, remain invariant to
time-delay variations.
In the multi-electron picture, the 4p level splits into a

manifold of substates corresponding to the total angular
momentum L of the entire system. As shown in Fig. 1b,
substates with 3s23p54p 1 Se

� �
[The term symbol 2Sþ1 Lπ

describes the multi-electron state of an atom in the LS
coupling, where S and L are the total spin and orbital
angular momentum, respectively. L is written in spec-
troscopic notation like S, P, D,..., corresponding to L ¼
0; 1; 2; ¼ . π ¼ oðeÞ denotes the odd (even) parity, which
is determined by ð�1Þ

P
i
li (1 corresponds to odd parity

and 0 corresponds to even parity), where li is the orbital
angular momentum of each electron. The spin multi-
plicity is determined by 2S þ 1. Note that this notation
also applies for continuum states.] and 3s23p54p 1 De

� �
are

accessible via two-photon transitions from the
3s23p6 1 Se

� �
ground state, inducing a quantum beat.

Although the spin-orbit coupling effect can further split

these states into five sublevels, the fine structures can be
neglected due to the relatively broad spectral width of the
applied pulses. The energy differences between the
ground state and the two resonant states are 13:19 eV
ð1 DeÞ and 13:38 eV 1Seð Þ , respectively, giving rise to a
term splitting of 0:19 eV. The coherent superposition of
the two resonant states can lead to a quantum beat with
an oscillation period of 21:77 fs.
For electrons reaching the same final energy after

absorbing one photon from the second pulse, the delay τ
is expected to play a crucial role in governing PADs by
modulating the phase difference between different ioni-
zation pathways. It should be mentioned that the ioniza-
tion process we study is at a femtosecond timescale, which
is far smaller than the typical picosecond lifetime of the 4p
excited levels. As a result, the decoherence during this
process can be safely neglected. We focus on three
dominant resonance-enhanced pathways, which corre-
spond to transitions leading to three different final states

Pulse delay ��

S (3p6)

D (3p54p)

= 3s23p5εεd (1Po)

= 3s23p5εεs (1Po)

= 3s23p5εεd (1Fo)

3p0

3p��1 4p��1

ωω1

4p0

εεd��1

εεs0 + εεd0

a

b

c

Total

S (3p54p)

d��1

d0 + s0

S (3p6)

Pr
ob

ab
ili

ty
 (a

rb
. u

ni
ts

)

������ ��2 ���� 3
���� 1

���� 2

���� 1 ���� 2 ���� 3 ���� 3

ωω2

��

��

��������

Fig. 1 The two-stage ionization scheme applied to argon atoms. a Schematic diagram of the two-stage ionization of argon atoms driven by
pulses with frequencies ω1 and ω2 under SAE approximation, with a time delay τ between the pulses. The dashed gray curve stands for the first
ionization threshold. The PAD, combining contributions from the me ¼ 0 and me ¼ ± 1 orbitals, is shown on the right. b Same as a but with full
consideration of electron-ion coupling. jψ1;2;3i are the multi-electron states considered. c The proportion of the me ¼ 0 and me ¼ ± 1 states in the
mixed state as a function of the pulse delay, obtained from the same calculations as in (b). Corresponding PADs are displayed above each bar
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where le0l
0
e0jn0

� �
and lemel

0
e �með Þjn0� �

are the CG
coefficients. The anisotropy parameters bn relate to the
conventional anisotropy parameters βn

29,36,37 with βn ¼
bn=b0 and bn are all real numbers. For the 2þ 10ð Þ REMPI
via the p resonant states in argon atoms, the me ¼ 0
electron can be ejected to s0 and d0 waves. Assuming that
the complex amplitudes of the partial waves lemej i are
denoted as Cleme , the PAD for the me ¼ 0 electron can be
expressed as

I0 θð Þ ¼ Cs0Y 00 θð Þ þ Cd0Y 20 θð Þj j2 ¼ 1
4π

Ms0 þ
ffiffiffi
5

p

2π
Re C�

s0Cd0

h i
P2 cos θð Þ

þ 5
4π

18
35

P4 cos θð Þ þ 2
7
P2 cos θð Þ þ 1

5

� �
Md0

ð14Þ

with Y l0 θð Þ ¼
ffiffiffiffiffiffiffi
2lþ1
4π

q
Pl cos θð Þ and Mleme ¼ jCleme j2. Simi-

larly, since the me ¼ ± 1 electron can only be ejected to
d ± 1 waves, the PAD for the me ¼ ± 1 orbitals can be
obtained as

I ± 1ðθÞ ¼ jCd ± 1Y 2 ± 1ðθ;φÞj2
¼ 1

π � 3
7P4 cos θð Þ þ 5

28 P2 cos θð Þ þ 1
4

� �
Md ± 1

ð15Þ

Considering the contributions from the me ¼ ± 1
orbitals are the same, the total PAD can be calculated as
I θð Þ ¼ I0 θð Þ þ 2I1 θð Þ. By projecting the PAD onto the
Legendre polynomials based on Eq. (12), we can obtain
that

b0 ¼ 1
4π

ðMs0 þMd0 þ 2Md1Þ ð16Þ

b2 ¼ 5
14π

Md0 þMd1ð Þ þ
ffiffiffi
5

p

2π
Re C�

s0Cd0

h i
ð17Þ

b4 ¼ 3
14π

3Md0 � 4Md1ð Þ ð18Þ

The anisotropy parameters bn, which depend on the
time delay τ, quantify the angular modulation of the PAD
and reflect the interference between different partial
waves. By tuning τ, the phase relationships between
resonant pathways are modified, thereby governing the
observed PAD. This enables a direct probe of the entan-
glement dynamics.

Delay-dependent PADs from first-principles multi-electron
simulations
Using the multi-configurational time-dependent

Hartree-Fock (MCTDHF) method38–41, along with the
R-matrix with time-dependence (RMT) method42 as a
cross check, we perform simulations of ð2þ 10Þ REMPI
process of argon atoms (see materials and methods for

details). The resulting delay-dependent PADs are shown
in Fig. 2a, which are obtained by integrating over the peak
signal in the vicinity of ε ¼ 2ω1 þ ω2 � Ip and normalized
independently at each τ. Significant delay-dependent
modulations can be observed in the PADs. The PAD
maximum initially appears at 0� at τ ¼ 20 fs. Then it
gradually shifts to 40� at τ ¼ 24 fs and returns to 0� at
τ ¼ 30 fs. Simultaneously, the PAD minimum gradually
changes from 90� to 60�. This delay-dependent evolution
manifests the quantum beat between the resonant states
1Se and 1De.
Figure 2b–e display the PADs at specific delays of

24:75; 29:5; 34:25, and 39 fs, highlighting distinct angular
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Fig. 2 Delay-dependent photoelectron angular distributions.
a PADs at energy ε ¼ 2ω1 þ ω2 � Ip as functions of the emission
angle θ and the time delay τ between the first pulse (ω1 ¼ 6:52 eV)
and the second pulse (ω2 ¼ 9:52 eV). The PAD intensities are
normalized independently at each τ. The white dashed lines mark the
PADs at the delays of 24:75, 29:5, 34:25, and 39 fs. b–e PADs at delays
of 24:75, 29:5, 34:25, and 39 fs. Black, red, and blue lines denote the
total signals and contributions from me ¼ 0 and me ¼ ± 1,
respectively
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features. The four panels correspond to the lineouts at the
delays marked by vertical white dashed lines in Fig. 2a. In
addition to the total PADs (black solid lines), we show the
separate contributions from s0 þ d0 (red dotted lines) and
d ± 1 partial waves (blue dashed lines), where the d ± 1 term
collects the contributions from d1 and d�1. In essence, the
change of the PADs is a reflection of the delay-varying
proportions of the d ± 1 and d0 waves. For instance, in
Fig. 2b and d, the total PADs predominantly reflect d ± 1-
or d0- wave characteristics, respectively. For the cases
presented in Fig. 2c and e, where the me ¼ 0 and me ¼
± 1 components exhibit comparable contributions, the
resulting PAD demonstrates marked deviations from the
characteristic patterns of individual components, mani-
festing a unique hybrid structure. At τ ¼ 39 fs, the PADs
initiate a new cycle, signaling the periodic nature of the
dynamics. The determined period of approximately 19 fs
aligns with the quantum beat period derived from the
resonant states with an energy splitting of 0:22 eV,
underscoring the strong connection between the temporal
evolution of PADs and the underlying coherent processes.
This periodic modulation demonstrates that coherent
control over the PADs can be achieved by varying the
pulse delay, a hallmark of the two-stage ionization
scheme.
Within expectation, no delay-dependent modulation

emerges under the SAE approximation (not shown). In
the absence of the quantum beat, the PAD derived under
the SAE approximation remains static over time and
closely resembles a d0 wave, consistent with the intuitive
expectation that ionization from the me ¼ 0 orbital
dominates in a linearly polarized field. However, the
multi-electron calculations reveal starkly different
dynamics, with delay-dependent modulations driven by
coherence and entanglement effects. These unique fea-
tures emphasize the limitations of the SAE model and the
necessity of multi-electron approaches for capturing the
full complexity of the system. This contrast highlights the
essential role of quantum coherence and entanglement in
the observed dynamics, providing a deeper understanding
of the interplay between resonant states and their con-
tributions to PADs.

Reconstruction of photoelectron purity
The two-stage scheme effectively achieves ultrafast

control of the photoelectron purity, which is encoded in
the PADs. Given the photoelectron density operator ρe,
the purity is defined as

Pe ¼ Tr ρ2e
� � ð19Þ

The trace operation ensures that Pe is independent of
the choice of representation. In terms of the partial-wave

probabilities, Pe can be written as

Pe ¼ Tr ρ2e
� � ¼ Ms0 þMd0ð Þ2 þ 2M2

d1

Ms0 þMd0 þ 2Md1ð Þ2
ð20Þ

which depends on the emission energy ε and the time
delay τ (see supplementary information). The purity of a
mixed state is always less than 1. Values close to 1 indicate
strong dominance of a specific me channel in the final
state. This indicates that the entanglement between the
ion and electron is low. On the other hand, the minimum
value of 1=3 corresponds to a maximally mixed state. This

minimum occurs when the populations of the me ¼ 0 and

me ¼ ± 1 states are equal, i.e., jC0j2 ¼ jC1j2 ¼ jC�1j2.
This also reflects that the ion and electron are in the
maximally entangled state. We note here that in our
framework, the state of the whole system is pure, so the
electron’s reduced-state purity serves as a direct and
standard measure for electron-ion entanglement. The
commonly used I-concurrence in this setting is just a one-
to-one monotonic function of the purity, given by I ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� PeÞ

p
. Throughout the work, we consistently use

purity as a measure of the entanglement. It should be
mentioned that, since we mainly focus on electron-ion
entanglement in the degree of angular momentum, we do
not further distinguish the spin polarization for the
electron or the ion. As a result, signals with the same me

but different spin polarization are summed incoherently.
The delay-dependent PADs only provide qualitative

insights into the purity variations. To gain a quantitative
assessment, we need to analyze the anisotropy para-
meters, which can be extracted by projecting the PADs
onto the Legendre polynomials based on Eq. (12). As the
PADs depend on τ, we obtain a series of anisotropy
parameters as functions of τ. According to Eq. (20), the
evaluation of the electronic-state purity Pe requires the
partial-wave intensities Ms0 , Md0 , and Md1 . However, with
the anisotropy parameters obtained from the PADs alone,
the partial-wave intensities are unable to be directly
retrieved by solving Eqs. (16-18), since there are three
equations but four unknowns. This notorious difficulty
arises from the lack of phase information in the PADs,
which is inevitable when d ± 1 is not strictly zero. To
overcome it, we solve Eqs. (16-18) at some τ by setting
ζ ¼ cos ðCd0=Cs0Þ½ � to a given value. By scanning ζ across
its physically admissible range at this τ, we obtain a
mapping from ðτ; ζÞ to the purity Pe, denoted by Peðτ; ζÞ.
The true value of the purity should be Peðτ; ζðτÞÞ where
ζðτÞ is the true value of the unknown cos ðCd0=Cs0Þ½ �. To
predict the range of possible values of the purity, we
calculate the mean values Pe as well as the standard
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where le0l
0
e0jn0

� �
and lemel

0
e �með Þjn0� �

are the CG
coefficients. The anisotropy parameters bn relate to the
conventional anisotropy parameters βn

29,36,37 with βn ¼
bn=b0 and bn are all real numbers. For the 2þ 10ð Þ REMPI
via the p resonant states in argon atoms, the me ¼ 0
electron can be ejected to s0 and d0 waves. Assuming that
the complex amplitudes of the partial waves lemej i are
denoted as Cleme , the PAD for the me ¼ 0 electron can be
expressed as

I0 θð Þ ¼ Cs0Y 00 θð Þ þ Cd0Y 20 θð Þj j2 ¼ 1
4π

Ms0 þ
ffiffiffi
5

p

2π
Re C�

s0Cd0

h i
P2 cos θð Þ

þ 5
4π

18
35

P4 cos θð Þ þ 2
7
P2 cos θð Þ þ 1

5

� �
Md0

ð14Þ

with Y l0 θð Þ ¼
ffiffiffiffiffiffiffi
2lþ1
4π

q
Pl cos θð Þ and Mleme ¼ jCleme j2. Simi-

larly, since the me ¼ ± 1 electron can only be ejected to
d ± 1 waves, the PAD for the me ¼ ± 1 orbitals can be
obtained as

I ± 1ðθÞ ¼ jCd ± 1Y 2 ± 1ðθ;φÞj2
¼ 1

π � 3
7P4 cos θð Þ þ 5

28 P2 cos θð Þ þ 1
4

� �
Md ± 1

ð15Þ

Considering the contributions from the me ¼ ± 1
orbitals are the same, the total PAD can be calculated as
I θð Þ ¼ I0 θð Þ þ 2I1 θð Þ. By projecting the PAD onto the
Legendre polynomials based on Eq. (12), we can obtain
that

b0 ¼ 1
4π

ðMs0 þMd0 þ 2Md1Þ ð16Þ

b2 ¼ 5
14π

Md0 þMd1ð Þ þ
ffiffiffi
5

p

2π
Re C�

s0Cd0

h i
ð17Þ

b4 ¼ 3
14π

3Md0 � 4Md1ð Þ ð18Þ

The anisotropy parameters bn, which depend on the
time delay τ, quantify the angular modulation of the PAD
and reflect the interference between different partial
waves. By tuning τ, the phase relationships between
resonant pathways are modified, thereby governing the
observed PAD. This enables a direct probe of the entan-
glement dynamics.

Delay-dependent PADs from first-principles multi-electron
simulations
Using the multi-configurational time-dependent

Hartree-Fock (MCTDHF) method38–41, along with the
R-matrix with time-dependence (RMT) method42 as a
cross check, we perform simulations of ð2þ 10Þ REMPI
process of argon atoms (see materials and methods for

details). The resulting delay-dependent PADs are shown
in Fig. 2a, which are obtained by integrating over the peak
signal in the vicinity of ε ¼ 2ω1 þ ω2 � Ip and normalized
independently at each τ. Significant delay-dependent
modulations can be observed in the PADs. The PAD
maximum initially appears at 0� at τ ¼ 20 fs. Then it
gradually shifts to 40� at τ ¼ 24 fs and returns to 0� at
τ ¼ 30 fs. Simultaneously, the PAD minimum gradually
changes from 90� to 60�. This delay-dependent evolution
manifests the quantum beat between the resonant states
1Se and 1De.
Figure 2b–e display the PADs at specific delays of

24:75; 29:5; 34:25, and 39 fs, highlighting distinct angular
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Fig. 2 Delay-dependent photoelectron angular distributions.
a PADs at energy ε ¼ 2ω1 þ ω2 � Ip as functions of the emission
angle θ and the time delay τ between the first pulse (ω1 ¼ 6:52 eV)
and the second pulse (ω2 ¼ 9:52 eV). The PAD intensities are
normalized independently at each τ. The white dashed lines mark the
PADs at the delays of 24:75, 29:5, 34:25, and 39 fs. b–e PADs at delays
of 24:75, 29:5, 34:25, and 39 fs. Black, red, and blue lines denote the
total signals and contributions from me ¼ 0 and me ¼ ± 1,
respectively
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deviations SPe via

Pe ¼
Z

Pe τ; ζð Þdζ=
Z

dζ ð21Þ

SPe ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

Peðτ; ζÞ � Pe
� �2

dζ=
Z

dζ

s
ð22Þ

For some ðτ; ζÞ pairs, there are no strict solutions for Pe.
In such cases, we find the approximate solutions that
deviate least from Eqs. (16-18) while maintaining the
consistency of the obtained Ms0 ;Md0 , and Md1 with
respect to τ. This approach enables quantitative purity
estimation solely from PADs. As shown in Fig. 3a, the
reconstructed purity (black solid line showing Pe, with
gray shading indicating SPe ) aligns closely with direct
multi-electron calculations (blue dashed line), validating
our methodology.
Two local purity maxima occur at delays of 25 and 33 fs,

corresponding to the dominance of the d ± 1 and d0 waves,
respectively. In an idealized scenario where the d ± 1 or d0

waves completely dominate, the purity should be 0:5
(jC0j2 ¼ 0, jC ± 1j2 ¼ 1=2) or 1 (jC0j2 ¼ 1, jC ± 1j2 ¼ 0).
However, our calculated maxima are reduced to 0:34 and
0:69, indicating the non-negligible contributions from the
me ¼ 0 or me ¼ ± 1 orbitals, respectively. At delays of 18
and 28 fs, the purity reaches the minima of 0:33 due to
equal contributions from different me channels, which
aligns with our previous expectation. In great contrast,
under the SAE approximation, the photoionization signal
predominantly originates from the me ¼ 0 orbital, pre-
dicting a delay-invariant high purity. The result is sket-
ched by the red dashed line in Fig. 3a, which differs
sharply from the results of the multi-electron calculations,
where the orbital dominance varies with time. This

discrepancy underscores the critical role of electron-ion
entanglement in REMPI of multi-electron systems.
The systematically higher purity in SAE simulations

compared to multi-electron results initially appears
counterintuitive. To understand this phenomenon and
the difference between the observed purity maxima and
the idealized predictions, we analyze the photoelectron-
energy-resolved purity. Figure 3b shows the photoelectron
purity from multi-electron calculations near ε ¼ 2ω1 þ
ω2 � Ip. The data reveals three energy regions, exhibiting
distinct variations of purity as a function of pulse delay τ.
The central region (region II) features the most pro-
nounced ionization peak, with two local maxima at the
same τ as the total purity. The two maxima reach almost
0:5 and 1, respectively, indicating the complete dom-
inance of d ± 1 or d0 waves at the two delays. In regions I
and III, the purity variations show completely different
behaviors. Energy-resolved partial-wave analysis indicates
that at τ ¼ 25 fs, the d0 wave’s peak splits into two peaks
located in regions I and III. This allows me ¼ 0 con-
tributions to surpass those from the me ¼ ± 1 orbitals
near the edges of the peak, resulting in relatively high
purity. Conversely, at τ ¼ 33 fs, the peaks of the d ± 1

waves shift outward, balancing the d0-wave contributions
at the edges and creating observable white and blue areas
in regions I and III at this delay. Further discussions of
these features are provided in the supplementary
information.
As a result, if we combine the three regions together,

the dominance of the d ± 1 (d0) wave at τ ¼ 25 ð33Þ fs is
weakened, leading to the suppressed purity in Fig. 3a. The
splitting of a certain partial wave primarily stems from the
slight energy offset between the two resonant states,
resulting in subtle deviations in the photoelectron energy
of the corresponding REMPI signals. With a large
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Fig. 3 Reconstruction of photoelectron purity. a Reconstructed photoelectron purity inferred from PADs. The black solid line and the gray shaded
region show the mean values Pe and the standard deviations SPe of the reconstructed results. The blue and red dashed lines correspond to purity
directly derived from the multi-electron calculations and from the calculations under the SAE approximation, respectively. b Energy-resolved purity
from multi-electron simulations as a function of pulse delay τ . The energy range in the vicinity of ε ¼ 2ω1 þ ω2 � Ip is displayed. Three distinct
regimes (I–III) emerge, characterized by different delay-dependent modulation patterns
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overlapped photoelectron energy region under the applied
laser fields, the observed ionization peak emerges from
the coherent and incoherent summation of signals from
different resonant states. Notably, while the total signal
manifests as a single peak, energy-resolved partial-wave
analysis indicates that d ± 1 and d0 waves alternate
between constructive and destructive interference within
the ionization peak. The constructively interfering wave
dominates the main peak, while the others split into two
secondary peaks at both edges, producing the three dis-
tinct regions mentioned above. The SAE calculations,
which lack the two resonant states, fail to capture the
distinct structures of different partial waves in the ioni-
zation peak, leading to a comparably high dominance of a
single partial wave.

Phase difference between multi-electron states
The extracted anisotropy parameters from the PADs

based on Eq. (12) are displayed by the dots in Fig. 4. We
can find that they exhibit oscillations as a function of the
pulse delay τ. Fitting these oscillations using the function

f τð Þ ¼ G cos ΔEτ þ γð Þ þ H ð23Þ

yields ΔE ¼ 0:223 eV, corresponding to an oscillation
period of 18:55 fs. This fitting result agrees well with the
term splitting of the two resonant states in our calcula-
tions (see Materials and Methods). The fittings of the
anisotropy parameters are demonstrated by the corre-
sponding curves in Fig. 4. While the extracted energy
difference ΔE aligns with the resonant states, the
extracted phase γ requires further interpretation. To
establish a quantitative link between the quantum beat

and the oscillatory PADs, we derive the anisotropy
parameters explicitly as a function of the pulse delay τ.
This requires evaluating the phases of different states ψi

�� �
explicitly, which comprise four components: (i) the
scattering phase shift of the final state, ηi, (ii) the dynamic
phase accumulated on the resonant states, �ES=Dτ, (iii)
the centrifugal potential phase, �lπ=2, and (iv) an
additional phase arising from resonant transitions and
laser fields, χS=D

36,43,44. Here, ES Dð Þ and χS Dð Þ represent the
energy of the 1Se (1De) state and the fourth phase term
mentioned above for ionization pathways via the 1Se (1De)
state, respectively. Owing to the selection rule of
total angular momentum, ψ1j i can only be ionized
from the 1De state. To express the complex amplitude
into its absolute value and phase term, we introduce the
real amplitude αD1 , and write the complex amplitude of
ψ1j i as

Cψ1
¼ ei η1�πð ÞαD1 e

i χD�EDτð Þ ð24Þ

Similarly, for ψ2j i and ψ3

�� �
, which involve resonant

enhancement from both 1Se and 1De states, we introduce
coefficients αS2;3 and αD2;3 to distinguish their contributions.
The complex amplitudes of ψ2j i and ψ3

�� �
are given by

Cψ2
¼ ei η2�πð Þ αD2 e

i χD�EDτð Þ þ αS2e
i χS�ESτð Þh i

ð25Þ

Cψ3
¼ eiη3 αD3 e

i χD�EDτð Þ þ αS3e
i χS�ESτð Þh i

ð26Þ

Using Eqs. (8-10) and (16-18) the partial-wave prob-
abilities are calculated and, subsequently, b0 and b4 are
written as

b0 τð Þ ¼ 1
4π

Ms0 τð Þ þMd0 τð Þ þ 2Md1 τð Þ½ �

¼ Qb0 þ
1
2π

αD2 α
S
2 þ αD3 α

S
3

� �
cosðΔEτ þ χDSÞ

ð27Þ

b4 τð Þ ¼ 3
14π

3Md0 τð Þ � 4Md1 τð Þ½ �

¼ Qb4 �
3

ffiffiffi
6

p

7π
αD1 α

S
2 cosðΔEτ þ χDS þ η12Þ

ð28Þ

where ΔE ¼ ES � ED, χDS ¼ χD � χS, and ηij ¼ ηi � ηj.
Constants Qb0 and Qb4 encapsulate non-oscillatory terms
(see supplementary information).
Fitting b0 reveals χDS ¼ �0:026, which is attributed

to the action of different intermediate resonant states.
Previous studies36,43,44 suggested that the phase
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integrated over the ionization peak energy range, while the curves are
the fittings of the dots
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deviations SPe via

Pe ¼
Z

Pe τ; ζð Þdζ=
Z

dζ ð21Þ

SPe ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

Peðτ; ζÞ � Pe
� �2

dζ=
Z

dζ

s
ð22Þ

For some ðτ; ζÞ pairs, there are no strict solutions for Pe.
In such cases, we find the approximate solutions that
deviate least from Eqs. (16-18) while maintaining the
consistency of the obtained Ms0 ;Md0 , and Md1 with
respect to τ. This approach enables quantitative purity
estimation solely from PADs. As shown in Fig. 3a, the
reconstructed purity (black solid line showing Pe, with
gray shading indicating SPe ) aligns closely with direct
multi-electron calculations (blue dashed line), validating
our methodology.
Two local purity maxima occur at delays of 25 and 33 fs,

corresponding to the dominance of the d ± 1 and d0 waves,
respectively. In an idealized scenario where the d ± 1 or d0

waves completely dominate, the purity should be 0:5
(jC0j2 ¼ 0, jC ± 1j2 ¼ 1=2) or 1 (jC0j2 ¼ 1, jC ± 1j2 ¼ 0).
However, our calculated maxima are reduced to 0:34 and
0:69, indicating the non-negligible contributions from the
me ¼ 0 or me ¼ ± 1 orbitals, respectively. At delays of 18
and 28 fs, the purity reaches the minima of 0:33 due to
equal contributions from different me channels, which
aligns with our previous expectation. In great contrast,
under the SAE approximation, the photoionization signal
predominantly originates from the me ¼ 0 orbital, pre-
dicting a delay-invariant high purity. The result is sket-
ched by the red dashed line in Fig. 3a, which differs
sharply from the results of the multi-electron calculations,
where the orbital dominance varies with time. This

discrepancy underscores the critical role of electron-ion
entanglement in REMPI of multi-electron systems.
The systematically higher purity in SAE simulations

compared to multi-electron results initially appears
counterintuitive. To understand this phenomenon and
the difference between the observed purity maxima and
the idealized predictions, we analyze the photoelectron-
energy-resolved purity. Figure 3b shows the photoelectron
purity from multi-electron calculations near ε ¼ 2ω1 þ
ω2 � Ip. The data reveals three energy regions, exhibiting
distinct variations of purity as a function of pulse delay τ.
The central region (region II) features the most pro-
nounced ionization peak, with two local maxima at the
same τ as the total purity. The two maxima reach almost
0:5 and 1, respectively, indicating the complete dom-
inance of d ± 1 or d0 waves at the two delays. In regions I
and III, the purity variations show completely different
behaviors. Energy-resolved partial-wave analysis indicates
that at τ ¼ 25 fs, the d0 wave’s peak splits into two peaks
located in regions I and III. This allows me ¼ 0 con-
tributions to surpass those from the me ¼ ± 1 orbitals
near the edges of the peak, resulting in relatively high
purity. Conversely, at τ ¼ 33 fs, the peaks of the d ± 1

waves shift outward, balancing the d0-wave contributions
at the edges and creating observable white and blue areas
in regions I and III at this delay. Further discussions of
these features are provided in the supplementary
information.
As a result, if we combine the three regions together,

the dominance of the d ± 1 (d0) wave at τ ¼ 25 ð33Þ fs is
weakened, leading to the suppressed purity in Fig. 3a. The
splitting of a certain partial wave primarily stems from the
slight energy offset between the two resonant states,
resulting in subtle deviations in the photoelectron energy
of the corresponding REMPI signals. With a large
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Fig. 3 Reconstruction of photoelectron purity. a Reconstructed photoelectron purity inferred from PADs. The black solid line and the gray shaded
region show the mean values Pe and the standard deviations SPe of the reconstructed results. The blue and red dashed lines correspond to purity
directly derived from the multi-electron calculations and from the calculations under the SAE approximation, respectively. b Energy-resolved purity
from multi-electron simulations as a function of pulse delay τ . The energy range in the vicinity of ε ¼ 2ω1 þ ω2 � Ip is displayed. Three distinct
regimes (I–III) emerge, characterized by different delay-dependent modulation patterns
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contributed by the resonant transition depends on the
pulse width rather than the specific resonant state, justi-
fying that χDS � 0.
On the other hand, the fitting of b4 gives rise to η12 þ

χDS. The subtraction of χDS from this value yields η12 ¼
�2:119, reflecting the scattering phase difference between
jψ1i and jψ2i. ηi in multi-electron systems is composed of
the Coulomb phase shift σ i and a phase from the short-
range potential, δi. For jψ1i and jψ2i, their partial waves
are both d waves, and therefore their Coulomb phase
shifts, σ1 ¼ σ2. As a result, the phase difference arises
primarily from the short-range potential, namely, δ1 �
δ2 ¼ η12 ¼ �2:119. This result reveals the different short-
range interactions in each jψii, reflecting different ways of
the angular momentum coupling between the photo-
electron and the ion.

Discussion
The control and measurement of electron-ion entan-

glement demonstrated in this study offer a compelling
advancement in the broader context of attosecond and
ultrafast physics. A distinctive feature of our approach lies
in angular momentum coupling among intermediate
multi-electron states, allowing for direct access to
underlying electron-ion correlations and entanglement
through experimentally measurable observables, i.e.,
PADs. This represents a substantial conceptual step
beyond prior methodologies, which often struggled to
balance theoretical rigor and experimental feasibility.
A notable outcome of our study is the clear divergence

between predictions from the multi-electron approach
and the SAE approximation. The SAE framework, con-
ventionally prevalent due to computational simplicity,
inherently neglects electron-ion entanglement and thus
predicts invariant PAD structures and photoelectron
purity. Our results reveal that SAE fails to capture even
the qualitative aspects of purity modulation that arise
naturally when multi-electron interactions are rigorously
treated. This discrepancy not only underscores the
inadequacies of simpler models but also reinforces the
importance of fully correlated electronic simulations in
accurately interpreting attosecond-scale phenomena.
Consequently, our findings advocate strongly for shifting
future theoretical and experimental research toward
comprehensive multi-electron frameworks to reliably
interpret subtle quantum effects associated with electron-
ion entanglement.
Furthermore, our development of a quantitative

method for reconstructing electron purity from aniso-
tropy parameters extracted directly from PADs addresses
a longstanding challenge, specifically, the experimental
difficulty of accessing quantum entanglement from
observables without complete phase information. The

current multifragment coincidence detection techniques,
such as cold-target recoil ion momentum spectroscopy
(COLTRIMS)45, are still unable to distinguish the dif-
ferent hole states of the ion entangled with the photo-
electrons. Other existing approaches, such as KRAKEN
and related quantum tomography techniques32,33,
demonstrated proof-of-concept capabilities to study
entanglement. Their broader adoption has been hindered
by experimental complexity and stringent measurement
requirements. Our reconstruction strategy, utilizing
readily available angular distribution data, significantly
reduces the experimental barrier for quantitatively char-
acterizing electron-ion entanglement. This practical
simplification can facilitate broader investigations into
quantum entanglement, thereby promoting routine
exploration of entanglement effects across various
ultrafast experiments.
An essential insight gained from our energy-resolved

purity analysis is the recognition of subtle spectral inter-
ferences emerging from multi-electron resonant states.
Our findings reveal intricate substructures arising from
coherent interactions between energy-dependent partial-
wave channels. These interference patterns substantially
alter the purity distribution, reflecting a rich interplay of
constructive and destructive interference effects. Such
spectral fine structures, which become apparent only
under careful multi-electron treatment, open intriguing
opportunities for exploring even finer-scale electron
dynamics in future experiments.
The quantitative determination of scattering-phase dif-

ferences among distinct multi-electron states represents
another critical achievement of our study. Extracting
these phases explicitly from delay-dependent PAD oscil-
lations provides a direct connection between experimen-
tally observable angular distributions and fundamental
short-range electron-ion interactions. By directly probing
these phases through our PAD-based methodology, future
experimental work can systematically explore electron-
ion interaction potentials, enriching our fundamental
understanding of electron scattering processes in complex
atomic and molecular environments.
While the present demonstration employs argon atoms

as a prototypical system, the broader applicability of our
method invites intriguing extensions. For instance, in
linear molecular systems, the atomic ðs0; d0; d ± 1Þ basis
maps naturally to σ and π continua. For general mole-
cules, the channel labels become point-group irreducible
representations of the ionic core coupled to continuum
partial waves. As long as the intermediate state has
energy-splitting due to orbital angular momentum cou-
pling. The delay-independent-PAD workflow yields a
quantitative readout of these effects in molecules. More-
over, the coupling of electronic and nuclear degrees
of freedom can significantly modify electron-ion
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correlation dynamics, introducing phenomena such as
symmetry-dependent ionization pathways or chirality-
dependent entanglement signatures46,47. Extending our
coherent manipulation framework to these more complex
targets could substantially advance molecular attosecond
physics, revealing new dimensions of quantum correlation
effects unique to molecular environments. Specifically,
investigating photoelectron circular dichroism48,49 and
related chiral effects in molecular ionization scenarios
could yield powerful new diagnostics of entanglement that
are sensitive to both electronic structure and nuclear
dynamics. From a broader perspective, our demonstrated
capability for coherent control and precise measurement
of electron-ion entanglement has profound implications
for emerging quantum technologies and attosecond sci-
ence. Integrating our entanglement-based control meth-
ods with advanced ultrafast and FEL facilities35 could
significantly enhance experimental capabilities, facilitating
deeper exploration of correlated electron dynamics in
atoms, molecules, and condensed matter systems. By
bridging theoretical sophistication with experimental
practicality, our work sets the stage for transformative
advancements in the characterization and application of
quantum entanglement within the broader ultrafast sci-
ence community.

Materials and methods
Multi-configurational time-dependent Hartree-
Fock method
We apply the MCTDHF method38–41 to solve the multi-

electron time-dependent Schrödinger equation (ME-
TDSE) of an argon atom exposed to an external field
within the dipole approximation

i
d
dt

Ψ tð Þ ¼ H tð ÞΨ tð Þ ð29Þ

where the Hamiltonian is

H tð Þ ¼
XNe

j¼1

h jð Þ þ 1
2

XNe

j¼1

XNe

k≠j

U j; kð Þ ð30Þ

with Ne denoting the number of electrons and

h jð Þ ¼ � 1
2
∇2
j þ E tð Þ � rj þ V rj

� � ð31Þ

U j; kð Þ ¼ 1

rj � rk
�� �� ð32Þ

To reduce the computational cost, the Coulomb
potential V is implemented as an effective core potential
(ECP) which describes the screening of the inner-shell

electrons so that only the outermost eight electrons in 3s
and 3p shells are involved in practical calculations.
We choose M. Dolg’s ECP50, which reads V ðjÞ ¼P
l
OlðjÞV lðrjÞOlðjÞ, where

Ol ¼
Xl

m¼�l

lmj i lmh j ð33Þ

V l rð Þ ¼ �Zc

r
þP

j
Dl;j exp �dl;jr2

� �
l � Lc

VLc rð Þ l > Lc

8<
: ð34Þ

Zc ¼ 8 is the charge number of the compound system
of core electrons and nuclei. Typically, Lc � 1 refers to the
largest angular momentum used by the core orbitals. The
values of Dl;j and dl;j can be found in Ref. 51. We note that
V is non-local, thus not a function of r. The vector
potential AðtÞ satisfying EðtÞ ¼ �∂AðtÞ=∂t is

A tð Þ ¼ A1g
t
T1

� �
sin ω1tð Þez þ A2g

t � τ

T 2

� �
sin ω2tð Þez

ð35Þ

where Aq , Tq , and ωq are the peak amplitudes, foot-to-
foot widths, and angular frequencies of the first pulse (
q ¼ 1) and the second pulse (q ¼ 2) in the two-stage
scheme. τ is the delay between the two pulses and

g λð Þ ¼ sin2 πλð Þ λ 2 0; 1½ �
0 λ =2 0; 1½ �

�
ð36Þ

Within the MCTDHF theory, the many-electron wave
function is decomposed into a series of Slater determi-
nants as

Ψ tð Þj i ¼
X
I2CAS

CI tð Þ Φ tð Þj i ð37Þ

Here, CIðtÞ are the expansion coefficients, and jΦ tð Þi
are the configuration state wave functions in the complete
active space (CAS) spanned by a set of time-dependent
single-particle orbitals fϕjðtÞg. Moreover, only config-
uration states with M ¼ 0 are included since only linearly
polarized fields are applied. The spin-restrictive formalism
is used throughout. In this work, up to 13 spatial orbitals
are used, corresponding to a maximal configuration
number of 78095.
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contributed by the resonant transition depends on the
pulse width rather than the specific resonant state, justi-
fying that χDS � 0.
On the other hand, the fitting of b4 gives rise to η12 þ

χDS. The subtraction of χDS from this value yields η12 ¼
�2:119, reflecting the scattering phase difference between
jψ1i and jψ2i. ηi in multi-electron systems is composed of
the Coulomb phase shift σ i and a phase from the short-
range potential, δi. For jψ1i and jψ2i, their partial waves
are both d waves, and therefore their Coulomb phase
shifts, σ1 ¼ σ2. As a result, the phase difference arises
primarily from the short-range potential, namely, δ1 �
δ2 ¼ η12 ¼ �2:119. This result reveals the different short-
range interactions in each jψii, reflecting different ways of
the angular momentum coupling between the photo-
electron and the ion.

Discussion
The control and measurement of electron-ion entan-

glement demonstrated in this study offer a compelling
advancement in the broader context of attosecond and
ultrafast physics. A distinctive feature of our approach lies
in angular momentum coupling among intermediate
multi-electron states, allowing for direct access to
underlying electron-ion correlations and entanglement
through experimentally measurable observables, i.e.,
PADs. This represents a substantial conceptual step
beyond prior methodologies, which often struggled to
balance theoretical rigor and experimental feasibility.
A notable outcome of our study is the clear divergence

between predictions from the multi-electron approach
and the SAE approximation. The SAE framework, con-
ventionally prevalent due to computational simplicity,
inherently neglects electron-ion entanglement and thus
predicts invariant PAD structures and photoelectron
purity. Our results reveal that SAE fails to capture even
the qualitative aspects of purity modulation that arise
naturally when multi-electron interactions are rigorously
treated. This discrepancy not only underscores the
inadequacies of simpler models but also reinforces the
importance of fully correlated electronic simulations in
accurately interpreting attosecond-scale phenomena.
Consequently, our findings advocate strongly for shifting
future theoretical and experimental research toward
comprehensive multi-electron frameworks to reliably
interpret subtle quantum effects associated with electron-
ion entanglement.
Furthermore, our development of a quantitative

method for reconstructing electron purity from aniso-
tropy parameters extracted directly from PADs addresses
a longstanding challenge, specifically, the experimental
difficulty of accessing quantum entanglement from
observables without complete phase information. The

current multifragment coincidence detection techniques,
such as cold-target recoil ion momentum spectroscopy
(COLTRIMS)45, are still unable to distinguish the dif-
ferent hole states of the ion entangled with the photo-
electrons. Other existing approaches, such as KRAKEN
and related quantum tomography techniques32,33,
demonstrated proof-of-concept capabilities to study
entanglement. Their broader adoption has been hindered
by experimental complexity and stringent measurement
requirements. Our reconstruction strategy, utilizing
readily available angular distribution data, significantly
reduces the experimental barrier for quantitatively char-
acterizing electron-ion entanglement. This practical
simplification can facilitate broader investigations into
quantum entanglement, thereby promoting routine
exploration of entanglement effects across various
ultrafast experiments.
An essential insight gained from our energy-resolved

purity analysis is the recognition of subtle spectral inter-
ferences emerging from multi-electron resonant states.
Our findings reveal intricate substructures arising from
coherent interactions between energy-dependent partial-
wave channels. These interference patterns substantially
alter the purity distribution, reflecting a rich interplay of
constructive and destructive interference effects. Such
spectral fine structures, which become apparent only
under careful multi-electron treatment, open intriguing
opportunities for exploring even finer-scale electron
dynamics in future experiments.
The quantitative determination of scattering-phase dif-

ferences among distinct multi-electron states represents
another critical achievement of our study. Extracting
these phases explicitly from delay-dependent PAD oscil-
lations provides a direct connection between experimen-
tally observable angular distributions and fundamental
short-range electron-ion interactions. By directly probing
these phases through our PAD-based methodology, future
experimental work can systematically explore electron-
ion interaction potentials, enriching our fundamental
understanding of electron scattering processes in complex
atomic and molecular environments.
While the present demonstration employs argon atoms

as a prototypical system, the broader applicability of our
method invites intriguing extensions. For instance, in
linear molecular systems, the atomic ðs0; d0; d ± 1Þ basis
maps naturally to σ and π continua. For general mole-
cules, the channel labels become point-group irreducible
representations of the ionic core coupled to continuum
partial waves. As long as the intermediate state has
energy-splitting due to orbital angular momentum cou-
pling. The delay-independent-PAD workflow yields a
quantitative readout of these effects in molecules. More-
over, the coupling of electronic and nuclear degrees
of freedom can significantly modify electron-ion
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The equations of motion (EOMs) of MCTDHF derived
from the time-dependent variational principle52–54 read

i
dCI tð Þ
dt

¼
X
J2CAS

ΦI Ĥ
�� ��ΦJ

� �
CJðtÞ ð38Þ

i
d
dt

ϕj

���
E
¼ Q̂F̂jϕji ð39Þ

where Q̂ ¼ 1�P
jjϕjihϕjj. A detailed definition of the

generalized Fock operator F̂ can be found in Ref. 54. The
above EOMs are solved by an ETD-RK455 solver after
discretization. We expand the single-particle functions
with a set of eighth-order B-spline functions as

ϕj r; tð Þ ¼
X
ln

cjln tð ÞBn rð Þ
r

Y lmj θr;ϕrð Þ ð40Þ

where BnðrÞ and Y lmðθr;ϕrÞ are the set of B-spline
functions and spherical harmonics. Here, mj is given fixed
for the j-th orbital. The calculations are conducted in a
spherical box with a radius of 1600 a.u., discretized by
3520 B-spline functions for each spherical partial wave.
The maximum orbital angular momentum is 12. The time
step size for the real-time propagation is 0:008 a.u.
At the end of the propagation, the part of each single-

particle orbital in the asymptotic region is projected onto
plane waves for extracting the momentum information.
The process is detailed in Ref.56. A weighted sum, based
on the density matrix of the single-particle orbitals, of
these projections can lead to the final PMDs. Similarly,
information about partial waves can be obtained.

R-matrix with time-dependence method
Cross-validation with the non-relativistic RMT method

is performed in this study. A comprehensive description
of the RMT methodology can be found in Ref. 42, while
the treatment of target states (Ar+ in this work) is detailed
in Ref. 57. The RMT simulations are conducted in a
spherical box with a radius of 2832 a.u. The inner region
occupies a volume with a radius of 20 a.u. The maximum
orbital angular momentum is set to 8, while the total
orbital magnetic quantum number is constrained to 0.
The wave function is propagated with a time step size of
0:01 a.u.
In RMT calculations, a manual energy offset is applied

to align the ground state energy with experimental values.
The energy differences between the ground state and the
intermediate resonant 1De and 1Se states are 12:90 eV and
13:12 eV, respectively, leaving a term splitting of 0:22 eV
(see supplementary information), which corresponds to a
quantum beat period of 19 fs. To prepare a near-equal
superposition of the resonant states, the first pulse fre-
quency is set to ω1 ¼ 6:52 eV for two-photon excitation,

with an intensity of 1 ´ 1013 W/cm2 and a foot-to-foot
duration of 32 cycles. Further details regarding the access
to the resonant states and the rationale for the first pulse
frequency can be found in the supplementary
information.
The second pulse has a frequency of ω2 ¼ 9:52 eV, with

a foot-to-foot duration of 44 cycles. The intensity matches
the first pulse. Note that the frequency of the second pulse
is flexible, as primarily required to ionize the system from
the resonant states while avoiding overlap with the signals
at ð2þ nÞω1 purely induced by the first pulse. We vary τ
from 20 fs to 40 fs, encompassing a full quantum beat
period estimated before. Notably, when τ � 20 fs, the
pulses are temporally non-overlapping, effectively sup-
pressing ionization via simultaneous absorption of two ω1

photons and one ω2 photon, which would otherwise
produce f waves of the photoelectron.

SAE-TDSE method
Simulations under the SAE approximation are per-

formed using the QPC-TDSE program56. The Tong-Lin
potential is adopted to model the electrons in the 3p-shell
of argon atoms58. Details of the potential parameters are
found in Ref. 59. The orbital energies for the 3p and 4p
states are �15:76 eV and �2:59 eV, respectively. In this
case, we set ω1 ¼ 6:585 eV to excite the system to the 4p
state. Other laser parameters are kept the same as those
specified in the RMT calculations.
The simulation is performed inside a spherical box with

a radius of 2500 a.u., with each radial component
expanded via 8000 eighth-order B-spline functions. The
maximum orbital angular momentum is set to 12. The
Crank-Nicolson propagator is employed with a time step
size of 0:008 a.u. The final states are projected onto exact
scattering states of the effective potential to compute the
PMDs immediately after the laser pulse ends. The con-
tributions of photoelectron that departs from 3p0, 3p1 and
3p�1 orbitals are considered.
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The equations of motion (EOMs) of MCTDHF derived
from the time-dependent variational principle52–54 read

i
dCI tð Þ
dt

¼
X
J2CAS

ΦI Ĥ
�� ��ΦJ

� �
CJðtÞ ð38Þ

i
d
dt

ϕj

���
E
¼ Q̂F̂jϕji ð39Þ

where Q̂ ¼ 1�P
jjϕjihϕjj. A detailed definition of the

generalized Fock operator F̂ can be found in Ref. 54. The
above EOMs are solved by an ETD-RK455 solver after
discretization. We expand the single-particle functions
with a set of eighth-order B-spline functions as

ϕj r; tð Þ ¼
X
ln

cjln tð ÞBn rð Þ
r

Y lmj θr;ϕrð Þ ð40Þ

where BnðrÞ and Y lmðθr;ϕrÞ are the set of B-spline
functions and spherical harmonics. Here, mj is given fixed
for the j-th orbital. The calculations are conducted in a
spherical box with a radius of 1600 a.u., discretized by
3520 B-spline functions for each spherical partial wave.
The maximum orbital angular momentum is 12. The time
step size for the real-time propagation is 0:008 a.u.
At the end of the propagation, the part of each single-

particle orbital in the asymptotic region is projected onto
plane waves for extracting the momentum information.
The process is detailed in Ref.56. A weighted sum, based
on the density matrix of the single-particle orbitals, of
these projections can lead to the final PMDs. Similarly,
information about partial waves can be obtained.

R-matrix with time-dependence method
Cross-validation with the non-relativistic RMT method

is performed in this study. A comprehensive description
of the RMT methodology can be found in Ref. 42, while
the treatment of target states (Ar+ in this work) is detailed
in Ref. 57. The RMT simulations are conducted in a
spherical box with a radius of 2832 a.u. The inner region
occupies a volume with a radius of 20 a.u. The maximum
orbital angular momentum is set to 8, while the total
orbital magnetic quantum number is constrained to 0.
The wave function is propagated with a time step size of
0:01 a.u.
In RMT calculations, a manual energy offset is applied

to align the ground state energy with experimental values.
The energy differences between the ground state and the
intermediate resonant 1De and 1Se states are 12:90 eV and
13:12 eV, respectively, leaving a term splitting of 0:22 eV
(see supplementary information), which corresponds to a
quantum beat period of 19 fs. To prepare a near-equal
superposition of the resonant states, the first pulse fre-
quency is set to ω1 ¼ 6:52 eV for two-photon excitation,

with an intensity of 1 ´ 1013 W/cm2 and a foot-to-foot
duration of 32 cycles. Further details regarding the access
to the resonant states and the rationale for the first pulse
frequency can be found in the supplementary
information.
The second pulse has a frequency of ω2 ¼ 9:52 eV, with

a foot-to-foot duration of 44 cycles. The intensity matches
the first pulse. Note that the frequency of the second pulse
is flexible, as primarily required to ionize the system from
the resonant states while avoiding overlap with the signals
at ð2þ nÞω1 purely induced by the first pulse. We vary τ
from 20 fs to 40 fs, encompassing a full quantum beat
period estimated before. Notably, when τ � 20 fs, the
pulses are temporally non-overlapping, effectively sup-
pressing ionization via simultaneous absorption of two ω1

photons and one ω2 photon, which would otherwise
produce f waves of the photoelectron.

SAE-TDSE method
Simulations under the SAE approximation are per-

formed using the QPC-TDSE program56. The Tong-Lin
potential is adopted to model the electrons in the 3p-shell
of argon atoms58. Details of the potential parameters are
found in Ref. 59. The orbital energies for the 3p and 4p
states are �15:76 eV and �2:59 eV, respectively. In this
case, we set ω1 ¼ 6:585 eV to excite the system to the 4p
state. Other laser parameters are kept the same as those
specified in the RMT calculations.
The simulation is performed inside a spherical box with

a radius of 2500 a.u., with each radial component
expanded via 8000 eighth-order B-spline functions. The
maximum orbital angular momentum is set to 12. The
Crank-Nicolson propagator is employed with a time step
size of 0:008 a.u. The final states are projected onto exact
scattering states of the effective potential to compute the
PMDs immediately after the laser pulse ends. The con-
tributions of photoelectron that departs from 3p0, 3p1 and
3p�1 orbitals are considered.
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